In a paper by J. Leray [1] it was proved that the kinetic energy of a two-dimensional incompressible viscous flow in a domain © bounded by a regular curve S dissipates at least as fast as an exponential law. Following this, J. Kamp6 de Feriet [2] proved the same proposition by using a different technique and related the dissipation constant with the domain 2D. In a later paper [3] he studied the Fourier transform of the two-dimensional vorticity equation and proved that the upper bounds of the Fourier transform of the vorticity and the energy spectral function also decrease in accordance with a similar law.
Introduction.
In a paper by J. Leray [1] it was proved that the kinetic energy of a two-dimensional incompressible viscous flow in a domain © bounded by a regular curve S dissipates at least as fast as an exponential law. Following this, J. Kamp6 de Feriet [2] proved the same proposition by using a different technique and related the dissipation constant with the domain 2D. In a later paper [3] he studied the Fourier transform of the two-dimensional vorticity equation and proved that the upper bounds of the Fourier transform of the vorticity and the energy spectral function also decrease in accordance with a similar law.
The present paper is concerned with an incompressible viscous fluid such that the domain of flow extends to infinity. One of the objects of this paper is to study the time variation of the average second moment of the energy spectral intensity which is closely related to the dissipation of energy.
We begin by assuming the velocity and pressure field to belong to a class of functions such that they can be represented by a trigonometric series. For this purpose we introduce K(r-x) = cos (r-x) + sin (r-x),
(1)** so that v(x, t) = EA(r, t)K(r-x),
and P(x, <) = Z $(r, t)K(r-x),
where v(x, t), p(x, t) are the velocity and pressure respectively, being functions of the position vector x in the physical space and the time t, A(r, t) is the velocity spectral function and is a vector, 3>(r, t) is the pressure spectral function, and r is a wave number vector. The purpose of using K(r-x) as defined by (1) instead of the customary exponential function exp (r-x) is to avoid complex spectral functions in (2) and (3). The fundamental equations governing the motion of an incompressible viscous fluid are the Navier-Stokes and the continuity equations:
where V is the gradient operator and p, v are constants, the density and kinematic viscosity of the fluid. Using (2) and (3), we can transform (4) and (5) into J} A(r, t) = ff[A(r, t)] -vr2A(r, t), 
A study of the transformed Navier-Stokes and continuity equations (6) and (9) has been made by the author [4] . Here we summarize a few of the conclusions which will be made use of in this paper: In what follows, we shall call E(t) simply the energy of the flow and A(r, 0'A(r, t) the energy spectral intensity. Therefore, by combining (6) and (10), we obtain jtE{t) = -2x 2>2A(r, t)-A(r, t), i.e., where
, 2, v £r2A(r, t)-A(r, t)
and is the average second moment of the energy spectral intensity. From (11) it is seen that the average second moment of the energy spectral intensity, (r2(i)), is intimately related to the energy of the flow, E(t). The paper is mainly devoted to the study of the time variation of this average second moment.
1. From (6) we havê A(r, t)-A(r, t) = 2A(r, 0 -JF[A(r, t)] -2vr2A(r, t) ■ A(r, t).
It is seen that the energy spectral intensity A(r, t) • A(r, t) varies with the time t due to the interaction of spectral vectors and due to viscosity. It follows that the average second moment of the energy spectral intensity may also vary with t due to the interaction and viscosity. We shall, first of all, examine the effect of viscosity alone, ignoring the effect of the interaction. The following conclusion can be easily deduced:
I. The average second moment of the energy spectral intensity is a decreasing function of time if only the effect of viscosity is taken into consideration and will approach rl as t -►<» where r0 -min (ri , r2 , r3 , . . .) .
When the interaction term is ignored, Eq. (6) becomes simply j-t A(r, t) = -er2A(r, t),
so that A(r, t) = A(r, 0) exp (-vr2t).
A set of spectral vectors initially located at rt , r3, r3 , ... will remain at I1! , r2 , r3 , ... It follows from (6) that jt £ r2A(r, 0-A(r, t) = 2 £ r2^(r, <) ■ ff[A(r, <)],
from which we have:
II. The time rate of change of the second moment of the energy spectral intensity due to the effect of the interaction of spectral vectors alone is zero if at that instant the spectral vectors are so located atii, r2, r8,. .. that ±r, ± r,-± xk ^ 0,for all possible i, j, k -1, 2, 3, ... , i ^ j, j k, k 5^ i.
It is to be noticed, however, that although in this case the first derivative of {r'(t)) is zero at this instant, the second derivative is not zero in general, due to the fact that the interaction of spectral vectors starts to generate new vectors at ±r< ± r, . [Vol. XII, No. 3 We proceed to examine the more general case for which the velocity spectral vectors are so located that one or more of =tr, ± r, ± rt may be zero. Consider, for the simple case, that there is only one such set, say, r, + r2 + r3 = 0, then from (7) -f~ raA2-r3A3-A, -f~ r2Aj ■ r3A2 * A ;
We evaluate the right hand side of (20) by choosing the coordinate axes so that rj , r2 , r3 all lie in the plane of Ri~R2 , as shown in Fig. 1 . The angle between r, , r, is denoted by 0if, measured from r, to r, in the clockwise direction when facing the R3-axis. Since the velocity spectral vector A; is perpendicular to the wave number vector r, because of continuity, its direction is completely fixed by the angle which is measured from a parallel vector to the Z?3-axis to the spectral vector A; in the counter-clockwise direction when facing in the direction of the corresponding wave number vector. Using this choice of axes it can be verified that: £ r*A(r, t) ■ 5F[A(r, t)] = %AiA2A3r<r2r3' sin (023 -031) cos <*i cos a2 sin a3 + sin (0J2 -023) cos sin a2 cos a3 + sin (031 -0,2) sin aj cos a2 cos a;i
Equation (21) is also true for ±r,-± r, ± rt = 0. Obviously, we can generalize the result so as to include the case in which there are more sets such that ±r, ± r, ± tk = 0, IV. The average second moment of the energy spectral intensity of an unbounded twodimensional incompressible non-viscous flow remains constant with time.
3. We now examine the time rate of change of (r2(t)) due to the combined effect of the interaction of spectral vectors and the viscosity. As a matter of fact it follows from previous results that sin (0,-i -9ki) cos a, cos a,■ sin ak 4 (r(t)) = £ A<A,Akrir,rk- 
where (r2 (0)) denotes the initial average second moment. For the three-dimensional flow it has not been possible to establish a similar energy bound valid for all time t. However, the following shows that such a bound exists at least for the initial stage of dissipation. Starting with (6) we have 
i.e., r2(0 :£ r2(0) exp £ £(r) drj,
where r2(t) is the second moment of the energy spectral intensity. We have, then | E{t) ^ -2vr\0) exp £ E(r) dr|, 
